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ABSTRACT 
We consider the group SL,F of all n by n matrices with determinant 1 over a 
field. Let resA denote ranHA - I) for any A in SL,F. A matrix A is called a 
k-involution if A2 = I and res A = k. We prove that every matrix A in SL,F is the 
product of at most [(res A + 1)/2] + 2 2-involutions for n > 3 if Char F # 2 and for 
n>4ifCharF=2. 
1. INTRODUCTION 
It is instructive to represent a matrix as a product of matrices of a special 
nature. A large survey of various results concerning factorization of matrices 
over a field and bounded operators on a Hilbert space is given in Wu [5]. 
In [4] Redjavi proved that any matrix in GL,F (n > 2) with determin- 
ant f 1 is the product of 2n - 1 or fewer reflections (l-involutions). The 
number of factors was reduced to the optimal n + 2 for n 2 3 by Cater [l]. 
Later, the results were generalized to the n by n invertible matrices over 
division rings or some special rings by Djokovic and Malzan 131, Yuan [6], and 
You [71. 
We know that a l-involution (reflection) is not always in SL,F, yet a 
Z-involution is. On the other hand, Z-involutions play an important role in 
studying automorphisms of SL,F. So we want to represent a matrix in SL,F 
as a product of %involutions and determine the length of the factors. 
Here we list the main results of this paper. 
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THEOREM. Assume that n > 3 if Char F # 2 and n > 4 if Char F = 2. 
Then every matrix A in SL,F is the product of at most [(res A + 1>/2] + 2 
2-involutions ([ ] denotes the integer part of a rational number). 
COROLLARY. With the hypotheses of the above theorem, every matrix in 
SL,F is the product of at most [(n + 1)/2] + 2 2-involutions. 
REMARK. As we know, when Char F # 2, k-involution is similar 
to - I, i I, _k, and when Char F = 2 it is similar to 
(1 ;) i . . . i(1 ;) iznpzk 
(see [2]). Obviously, there is only the trivial 2-involution -I, in SL, F and no 
2-involution in SL,F when n < 3 and Char F = 2. So the condition that 
n > 3 when Char F z 2 and n > 4 when Char F = 2 is required for our 
results. 
At the end of this paper, we give a counterexample to show that the 
number [(res A + 1)/2] + 2 cannot be reduced in some cases. 
By T,&c) for i # j we mean the matrix which has c E F in the ijth entry, 
and coincides with I, in every other entry. By E(i, j) we mean the result of 
interchanging the ith and jth rows (columns) of I,. Thus E(i, j>-’ = E(i, j). 
2. AUXILIARY RESULTS 
We write A - B to mean that A and B are similar matrices. Sometimes 
we still denote a matrix which is similar to A by A. 
LEMMA 1. Let A E SL,F (n 2 2>, and A be not in the center of SL,F. 
Then A is similar to a matrix whose first column has 1 for the jth entry for 
2 < j < n, and zeros for the other entries. 
Proof. If A is a diagonal matrix diag(a,,, . . . , aii,. . , ajj,. . . , a,,,,) with 
ai, # ajj, then qi(l> A?;,< - 1) has a c # 0 E F in the jith (j Z 1) place. SO 
we may assume that A has a nonzero element c off the main diagonal, say c 
in the jith (j # i) place. Conjugating A by E(i, 1) (if i # l>, we get that A 
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has a nonzero element c in the jth place of the first column. In fact we may 
take c = 1. Then the matrix 
is as required. n 
We say that a matrix A E SL,F is qua&central if A is similar to a matrix 
a 
c b 
\ 
(ab”-l = 1). 
\ b / 
(1) 
Obviously, for a quasicentral matrix A, rank( A - bZ) < 1 for some b f 0 
in F. 
We write an n by n matrix A in block form with all blocks 2 by 2 as 
follows: 
‘A,, 4, ... 4 ’ 
*** 
A= 
4, 4, 6 
. . . 
c, d, ... 2 
(2) 
When n = 2k + 1 is odd, Bi is a 2 by 1 matrix, Ci is a 1 by 2 matrix, and d 
is a 1 by 1 matrix. 
LEMMA 2. Assume that n > 4, A E SL, F. Then A is similar to a matrix 
whose (2,l) 2 by 2 block A,, is invertible [see (2)] if and only if A is not 
qua&central. 
Proof. *: If the 2 by 2 block A,, in A is invertible, we have 
ranHA - bZ) > 2 for any b # 0 in F. But if A is quasicentral, rank( A - 
bZ) < 2 for some b # 0 in F. So the matrix with block A,, invertible cannot 
be quasicentral. 
e: Without loss of generality, we prove it for n = 5. 
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Since A is not in the center of SL,F, by Lemma 1 we may assume that 
A- 
and aa = 0 (otherwise 
0 a12 a13 a14 a15 
0 up2 a23 a24 a25 
0 a32 a33 a34 a35 
1 a42 a43 a44 a45 
0 a52 a53 a54 a55 
is invertible). Conjugating A by 
where u = ca42 a43 
we have 
A- 
CY 42 a;3 a;4 a;5 
o a22 a23 ‘24 ‘25 
0 0 a33 a34 a35 
10 0 0 0 
0 ‘52 a53 a54 a55 
\ 
(3) 
I 
a44 a451 ) 
(4) 
Further, we may assume that az3 = az5 = a35 = a52 = a53 = 0, since, 
for example, if as z 0, then interchanging the 3rd and 5th rows and 
columns, we get that a23 z 0 (in this case, we assume that a52 = 0). Then 
E(2,3)AE(2,3) is the required matrix. If ai # 0, conjugating A by 
we get a% # 0, which may be reduced to the above case. So we assume that 
ai5 = 0. For the same reason, we may assume that a34 = a54 = 0. This shows 
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that if there exists a nonzero element which is off the main diagonal in the 
rows or columns outside the 4 by 4 block 
then the matrix in (4) is similar to the required one, and so is A. If n > 5 
and a,, + a.. in the main diagonal for i + j and i, j > 5, we may get 
a nonzero e ement uji (j z i, and j, i > 5) in the rows or columns outside il 
the 5 by 5 block by conjugating A by a suitable T#). Thus we are 
done. Therefore, we may prove the lemma by studying the matrix with the 
following form: 
(5) 
cx a12 a13 Y 0 \ 
0 P 0 (124 0 
0 0 p 0 0 
1 0 0 0 0 
0 0 0 0 p 
If one of ui2, uia, and a24 is not zero, the matrix (5) is similar to the 
required one. So let ui2 = ai3 = us4 = 0. Conjugating A by P3 Pz, where 
p2=[f 1 l)+12,P3=l+[_~ 1 ,)4.1, 
we get that 
’ (Y 0 Y o\ 
0 p’ 0 0 0 
A- ff-P Y P Y 0. 
1 -p 0 0 0 
0 0 0 0 P, 
(6) 
If 
o-P Y 
1 -P 
= p2 - ap - y = 0, i.e., y = p2 - a/3, 
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‘a 0 0 0’ p”-ap L-p 0 0 0 0 
0 P 0 0 0 0 p 0 0 0 
A- 0 0 P 0 o- 0 0 p 0 0 
10 0 0 
0 0 $, 
1 0 0 p 0 
0 0 0 0 0 0 p 
(Y-p 0 0 0 0 
1 p 0 0 0 
0 OPOO, 
0 0 0 p 0 
0 0 0 0 pj 
i.e., A is quasicentral, which is contradictory to the hypothesis. Hence 
a--P Y 
1 -p +0, 
so 
is invertible. n 
REMARK. If the block A,, in the matrix (2) is invertible, we may take 
A,, as any invertible 2 by 2 matrix such as I, or -I,, since the two matrices 
are similar. 
Let A E SL,LF and res A = r. Then A is similar to 
I DC” 0 
. . . . . . . . . 
* . . . * . 
. . . . . . 
: Lr * . . . * 
We call (7) a normal form of A. 
(7) 
PRODUCTS OF 2-INVOLUTIONS 241 
In the following discussion, we often write A in its normal form with 
the DC’) block, and still write HPAP-’ as HA, where H is a product of 
2-involutions. 
We point out a fact: if D (r) (r > 6) in (7) is similar to a matrix 
-Z C D * (every block is 2 by 2)) 
and (>* -i) is quasicentral, then left-multiplying DC’) by 
we have 
I 
Z -C+E -D+F * 
HD(‘, = 0 -At-E -B+F * 
0 E F * 
* * * * 
-A+E -B+F * 0 
E F * 0 
* * * 0’ 
* * * z I 
and E 
( 
-A + E 
-BF+ F is not quasicentral. 
1 
3. PROOF OF THEOREM 
LEMMA 3. LetA E SL,Fand resA = l.ThenAisaproductofatnwst 
two 2-involutions. 
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Proof. Since res A = 1, A is similar to either of the matrices 
and 
If Char F # 2, then 
I 1 
A= o 
0 1 
o 
I 
-1 
-1 1 
= 0 0 
0 
If Char F = 2, then 
‘1 
0 1 
A= ; ; 1 
\ O0 
1 
7 
1 n-3 1 
1 \ 
0 1 
: 0 I,-, (if 12 > 4). 
I 10 
1 
-1 -1 
0 I n-3 
1 
’ lo 
\ 
1 
0 
I 
1 1 
0 1 1 
0 0 1 1 0 0 1 
1 0 10 10 
0 0 I 
I n-4 
I n-4 
I n-3 
I n-4 
w 
Lemma 4. Let A E SL, F and res A = 2. Then 
(i) $ Char F # 2, A is a product of at most two 2-involutions; 
(ii> if Char F = 2, A is a product of at most three 2-involutions. 
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Proof. Since res A = 2, A is similar to one of the matrices 
243 
(0 -1 \ 
1 a 
0 
,O :, L-2 
(8*) 
or 
a 0 
0 a 
i I v In-2 n-2,2 (8A) 
(a = f 1). For (8 A ), if a = - 1 or Char F = 2, A is a 2-involution already. 
Sowelet a = lin(8A). 
(i) Char F f 2. Then for (8*), 
1 
1’4 -1 0 -1 A= 
I n-3 
for (8 A ), 
\’ O -1 0 
-1 0 0 
0 0 -1 
0 I 
I \ n-3 
A= (2 I.,)( -I2 I,,). 
(ii) Char F = 2. If a # 0 in (8*), i.e.; 
0 -1 ( 1 1 a 
244 
is not an involution, then 
‘0 1 \ 
; '1 I,_, = 
01 
0 0 I 
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i 
lo 0 
a 1 
7 
X 
1 n-4 
O1 10 0 
0 0 1 
10 
0 L-4 
(9) 
I 
If a = 0, the first factor on the left side in (9) is not a 2-involution, but can 
be written as a product of two 2-involutions by Lemma 3. n 
LEMMA 5. Let A E SL,F and res A = 3. Then A is a product of at most 
four 2-involutions. 
Proof. In the normal form (7) of A, if Dc3) P Cent SL,F, we may 
assume ihat DC31 has the form 
0 a2 b1 
I a2 b2 
0 a3 b3 
Left-multiplying A by 
i In-3 (Char F z 2) 
or 
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we get that 
'1 * * \ 
0 * * 
H,A= o t+c * 
,o * * In-3 
and res( H, A) < 2. So by Lemmas 3 and 4, A may be written as a product of 
at most three 2-involutions (Char F # 2) or four 2-involutions (Char F = 2). 
If Dc3) E Cent SL,F, when Char F # 2, then, multiplying A by a 
2-involution H such that Dc3) in HA is not in the center of SLsF, we are 
done, because HA is a product of at most three 2-involutions. Let us study 
the case of Char F = 2 and 
Dc3)=i” a .) (a3=1). 
If a = 1, it is easy to prove the consequence, so suppose that a # 1. 
Multiplying A by 
we have 
HA = 
a 0 0 0 
1 a 0 0 
0 0 a 0 
0 * * 1 
0 * * 0 I,_, 
Then HA is similar to the matrix 
(0 a2 0 0 \ 
1 0 0 0 
0 0 a 0 
0 * * 1 
0 * * 0 (-4, 
(10) 
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Multiplying (10) by 
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H1= (y :,)+(: 
we get that 
1 0 0 0 
0 a2 0 0 I 
a20 () 
0 a 
H,HA = I 0 0 U 0 J N I * * 1 0 
0 * * 1 * * 0 1 
0 * * 0 In_4 * * 0 L-4 
Since a # 1, 
is not an involution; it cannot be similar to 
\ 
Referring to the proof of Lemma 4(ii) [see (9>], we know that H, HA is a 
product of two 2-involutions. W 
LEMMA 6. Let A E SL,F and res A = r, and let Char F = 2. When the 
DC’) in the normal form (7) of A is quasicentral, A may be written as a 
product of at most [(r + 1)/2] + 2 Zinvolutions. 
Proof. Since we have proved this assertion for r = 3, let r > 4. Assume 
that DC’) in the normal form of A is of the form 
1 i 
+ I”_,, 
( Lya r-1 = 1). 
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If a = 1 (so CY = l), it is not difficult to prove the result, so let a # 1. We 
multiply A on the left by a 2-involution such that the DC’) in the normal form 
of HA is similar to the matrix 
I 0 0 ffu 0 
0 0 0 a2 
10 * * 
Ol* * 
0 
\ 
Then if T = 4, left-multiplying A by 
0 
a 
a 
(11) 
we get that D (4) (in H, HA) is 
I, * * 
1 I 0 CYU 0 . 0 0 a2 
Since mu 
( 1 
.2 is not an involution, by Lemma 4(C) H, HA is a product of two 
2-involutions. 
If r = 5, then left-multiplying A by 
where K = : , 
(1 
we have that DC’) in H, HA is similar to the matrix 
I ffa 0 1 0' 
0 a2 * 0 
OOaO’ 
\ * * * I} 
Since 
au 0 1 
I I 0 a2 * 0 0 a 
248 
is not in the center of SL,F, and 
aa2 0 
i 1 * a2 
is not an involution, by Lemma 5 the matrix 
three Z-involutions. 
If r 2 6, we multiply HA on the left by 
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H, HA is a product of at most 
so that the D"' in H, HA is 
(I, * * * 
0 ffa 0 a 
0 0 a2 0 
0 0 0 a 
\ 
f 
a 0 
0 a 
0 
1 0 aa 0 
0 1 0 a2 
* 
\ 
/ 
0 aa2 0 0 
0 0 a3 
I, * * * 
* 
\ 
a 
a 
\ 
0 
a 
12 
I 
0 
a 
a 
* * * 12 
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Then we multiply H, HA on the left by H,, which has the same form as H, 
(if r - 2 = 4 or 5, the same as H, in the above cases respectively) and 
repeat the procedure. 
When r is even, by (r - 2)/2 + 1 steps at most, we have that the DC') in 
the normal form of Hc,_,),, ... H,HA is of the form 
(y .L) (2k + 1 = r + 1). (12) 
If (12) is an involution, then (Y = a and (uk+r)’ = 1, i.e. uk+l = I. So 
Hc,- 2),2 ... H,HA is a 2-involution and we are done. If ‘(12) is not an 
involution, by Lemma 4(ii) [see (9)], H~,_,~,, *** H, HA is a product of two 
2-involutions. Hence A is a product of at most (r - 2)/2 + I + 2 = r/2 + 2 
2-involutions. 
When r is odd, by ( r - 3)/2 + 1 steps at most, we have that the Dc3) 
in the normal form of Hc,_,),, a.. H, HA is of the form 
(““’ .p_, a] (dk+l)= 1). 
Since (13) is not in the center of SL,F and 
mk+ l 0 
* uk+l 
(13) 
is not an involution (otherwise we may have that uqk+‘) = 1, so cr = 1 and 
resA = r - 1 is even), by Lemma 4(ii) and 5, Hcrp3j,2 **a H, HA is a 
product of at most three 2-involutions. Hence A is a product of at most 
(r - 3)/2 + 1 + 3 = (T + 1)/2 + 2 2-involutions. n 
Now let us finish the proof of the Theorem. Let res A = r. 
By Lemmas 3 to 6, we only need to show this for Char F # 2 and r > 4. 
Assume that the DC" in the normal form (7) of A is not quasicentral and is 
similar to the matrix 
f 0 A, ... A, 
-z B, ... B, 
0 C, ‘*’ C, 
\ 0 * ... * 
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(if r is odd, A,, B,, C, are 2 X 1 matrices). If 
-A, ..a -A, 
c, ... c, 
* . . . * I 
is not quasicentral, we multiply A on the left by 
H,= i”l ,‘)+z,,. 
otherwise, we replace the former H, by 
H, = 
here r = 5, and 
K 
K i I,_,, 
Z I 
Then the D”’ in H, A is similar to the matrix 
where K = i 
( 1 
)E, ... E, \ 
0 
&...F, ’ 
\ * . . . * z ) 
(14) 
but the upper block in (14) 1s not quasicentral. Note that res( H, A) is r - 2 
at most. Continuing the procedure until res(H(,_,,,, ... H,A) < 2 (if r is 
even) or res( H(, 3j,2 ... H, A) < 3 (if r is odd), we may apply Lemmas 4 
and 5 to H, **. H,A[k = (r - 2)/2or(r - 3)/2]toobtainthat H, ... H,A 
is a product of at most two or three 2-involutions, which depends on the 
parity of r. So A is a product of at most (r + 1)/2 + 1 2-involutions. When 
the DC’) in the normal form (7) of A is quasicentral, we only need to 
multiply A on the left by a 2-involution H such that the D”’ in HA is not 
quasicentral; then A is a product of at most (r. + 1)/2 + 2 2-involutions. 
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4. COUNTEREXAMPLE 
In this section we will give a counterexample to show that the number of 
factors [(res A + I)/21 + 2 cannot be reduced in some cases. 
Let F = F, = Z/22 (2 denotes integers), and let 
E SL,F. 
Then A cannot be written as a product of two 2-involutions (note that 
res A = 2). 
We show this by contradiction. Suppose that A is a product of two 
2-involutions, say B and C. Then 
A+Z=BC+Z, B(A+Z)=(A+Z)C=B+C (Char F = 2), 
i.e.. 
=B+C, I 
0 
1 0 
1 0 1 C=B+C, 0 0 
(15) 
which tells us that the third and fourth columns of C + B are zeros and C 
has the form 
so does B, i.e., 
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Since B and C are involutions and A = BC, we have 
E2 = E,2 = I, 0’ = I, (16) 
FE + DF = 0, F,E, + DF, = 0, (17) 
Since 
= E,E, 
we have that 
E = E, and E, : y = E, 
( ) 
which means E and E, have the same first row and second column. By 
simple computation, we get that 
4 
D has two possibilities: 
(i) D = I,; 
(ii) D is similar to : y 
( 1 
. 
(i): If D = I,, by (17) we have F,( E, I) = F(E + I) = 0, i.e., 
(18) 
This means either rank F, < 1 or rank F < 1, and if rank F, < 1, the last 
column of F, is 0. Then B is not a 2-involution (res B < l>, which is 
contradictory to our hypothesis. 
(ii): If D is similar to 
1 0 ( 1 11' 
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then conjugating A = BC by 
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where G E GL,F, 
we may assume that 
(at least one of a and b is not 0). Let 
By (171, we get that g = g, = 0, e = hc, and el = h,(c + 1). Since F = F,, 
either c or c + 1 is 0, so one of e and e, is 0. If c = e = 0, then C is not a 
%involution (resC < l), which is contradictory to our hypothesis. 
REFERENCES 
F. S. Cater, Products of central collineations, Linear Algebra Appl. 19:251-274 
(1978). 
J. Dieudonni, La G&o&trie des Groupes Clussiques, Springer-Verlag, 1955. 
D. Z. Djokovic and J. Malzan, Products of reflections in the general linear group 
over a division ring, Linear Algebra Appl. 28:53-62 (1979). 
H. Redjavi, Decomposition of matrices into simple involutions, Linear Algebra 
Appl. 12:247-255 (1975). 
P. Y. Wu, The operator factorization problems, Linear Algebra Appl. 177:35-64 
(1989). 
B. C. Yuan, Generators theorem of strong reflection of linear group GL,(V ) over 
a local ring, Northeast. Math. J. (China) 5:49-58 (1989). 
H. You, Length of generators of linear groups over a class of non-commutative 
rings, J. Math. Wuhun 6:423-426 (1986). 
Received 5 February 1992;jnal manuscript accepted 6 June 1992 
